An analysis is made of wind turbines in a row by means of an extension to actuator disk theory and a representation of the turbulent diffusion in the wake by a velocity deficit scale and a single free parameter. Beyond this, no wake model is used. It is shown that when the thrust coefficient is 'high' a maximisation of overall power output leads to a large drop in power after the first turbine, followed by a fairly constant level and a rise at the end of the row; this behaviour is a natural consequence of optimisation, and on this basis a 'deep array effect' is to be expected. A variation of turbine size and the effect of impaired turbine performance are examined. The approach can also be used to calculate the turbine upstream velocity (with respect to a reference) from a distribution of measured power output and to make inferences about wake development. The approach could be useful in the assessment of wake models as well as turbine operation.
INTRODUCTION
At times the prevailing wind direction is aligned with one or more rows of turbines in a wind farm, with the result that the wake of one turbine impinges directly on the one immediately downstream, and so on along the row. In terms of power output this is of particular consequence in low wind speeds where the turbines are operated at 'high' thrust coefficient in order to maximise the power generated. In this circumstance, as has been known now for some time, the output of the second and subsequent turbines is much lower than the first.
Crespo, et al. [1] comment "When there are many turbines in a line, it has been observed experimentally that while the first turbine produces full power. there is a significant decrease in power in the second turbine, with practically no further loss in successive machines." It is not the main purpose here to examine field data as such. Later, though, some use will be made of power measurements from the Horns Rev wind farm to illustrate some points. Rather, the purpose here is to present an analysis, albeit a simplified one, that does not seem to have been presented previously in the literature. One outcome of this is that the observed behaviour should not be a surprise, and is in fact to be expected.
Turbine wakes arise for two reasons. Firstly, through the reduction of flow momentum, which in essence is an inviscid phenomena. Secondly, through turbulent transport in the blade (and nacelle) wakes and in the turbulent mixing that arises between the flow of reduced velocity and the external flow. In this paper, the effect of the second, the turbulent diffusion, is represented by a single parameter, f i , without, deliberately, further reference to any particular wake model.
In the next section the inviscid momentum deficit downstream of a turbine is defined as U 0 a 2 where U 0 is the upstream undisturbed wind speed and a 2 is an influence factor. U 0 a 2 may be thought of as the driving strength of the wake (see e.g. Townsend [2] ). A wake deficit scale ∆U at some point x/D downstream, where x is the distance and D is the rotor diameter, will be related (in section 3) to U 0 a 2 and x/D by the relationship (1) where 'ABL' denotes the influence of the upstream atmospheric boundary layer, and 'upstream wakes' the fact that the mean flow and turbulence in the wake of an upstream turbine will have quite different characteristics from that of the ABL, and will have a different effect therefore. Here, f (x/D, ABL, upstream wakes,..) is replaced by the parameter f i which is regarded as a free variable.
No account as such is made of the effect a wind farm might have on the atmospheric boundary layer 1 , except to note that an effect could be listed in equation (1) . Finally, although it is not the intention here to examine field data in detail, use will be made of power measurements from the Horns Rev wind farm to illustrate some points.
EXTENDED ACTUATOR DISK THEORY
The wind flow is assumed to have a velocity U 0 , except for the impinging wake from an upwind turbine, which is assumed to have a uniform velocity of U 0 (1-a 0 ). The velocity at the turbine disk is assumed to be U 0 (1-a 1 ) and that in the far wake to be U 0 (1-a 2 ), where a 0 , a 1 and a 2 are influence factors. In that the streamtube widens as it passes through a turbine the width of the deficit U 0 a 0 (from an upstream turbine of the same size) will be wider than the inflow streamtube in question, meaning that the velocity in the streamtube is uniform, as illustrated in Fig. 1 .
Following the same approach as in standard actuator disk theory leads to, from a consideration of momentum change, an equation for the 'thrust', T, The ideal power, P, is P = TU 0 (1-a 1 ) so
In passing, we note that equations (4), (5) and (6) reduce to the standard expressions when a 0 is zero. From equation (4) so giving
That is, the velocity at the disk is exactly midway between that upstream and downstream, just as when a 0 = 0. Thus the turbine behaves as it would with a fully uniform upstream flow of velocity magnitude U 0 (1-a 0 ).
To represent the turbine we define U ′ 0 as
Now C ′ T will be given (as for the fully uniform inflow case) by ,
where the velocity at the rotor disk is
and (11c)
From equations (11a) and (11b) we get (12b) and (12c)
So, given C ′ T and a 0 , these last three equations give a 1 and a 2 , from which C T and C P follow. (At this point it is worth noting a consistency check. From equation (12c) as in equation (4).) Also, the local ideal power coefficient, C ′ P , can be defined as
and .
Finally, an array efficiency, η, can be defined as
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where the power coefficient of the i th turbine, C Pi , is referenced to the area of the i th turbine, A i , and A ref is a reference area. In the denominator of equation (14) each turbine is independent of all the others and working at maximum ideal power coefficient.
WAKE DIFFUSION
None of the analysis in the previous section allows for turbulent diffusion. Here, as outlined in the Introduction, no particular wake model is assumed. Rather, the wake deficit is assumed to be modified by a parameter f i where the subscript i refers to the i th turbine. That is, for the next turbine,
where 1 ≤ i ≤ N-1 , N being the number of wind turbines. If f i is 1 then there is no diffusion and the (i + 1) th turbine is exposed to the full velocity deficit from the upstream turbine. If f i is 0 then the upstream velocity deficit is fully diffused to zero, and there are no wake deficit effects on the turbine. Thus, f i as a parameter is bounded:
In practice, the greater distance between wind turbines, the smaller f i will be provided no other influence comes into play. Also, the larger the turbulence intensity in the atmospheric boundary layer the smaller f i will be because of greater mixing, and turbulence from an upstream wake can also be expected to reduce f i . Ideally, f i will be as small as possible -that is the 're-energising' of the flow will large.
In most of the following examples, f i , will be held constant for a row of turbines. This means that the ratio ∆U/U 0 a 2 for each turbine will be constant; the strength of the velocity deficit will be proportional to the inviscid 'driving deficit' generated by the upstream turbine. The broader question not addressed here at this stage is concerned with the physics of the function f and the factor f i .
∆U and U 0 a 2 , or equivalently f i , are taken as scales of the flow in the present onedimensional representation. Diffusion of the wake means that the peak velocity deficit (on the centre-line) will be larger than ∆U, or equivalently larger than f i . If the flow, or flow perturbation from a mean wind shear, is supposed axi-symmetric then the equations of the preceding section can be generalised to where ~ denotes the radial variation of a 0 and a 1 with r. r ′ is the radius of streamtube annuli at the inlet corresponding to the radius r at the rotor disk, of radius R. Similarly, the power coefficient is,
Here, these are represented by equations (5b) and (6), respectively. This generalisation is not pursued further in the present analysis in that the one-dimensional approach is sufficient to demonstrate key characteristics.
Fluctuations in wind direction or wake meandering would lead to in effect a reduced f i . C a r a r a r r R dr
.
C a r a r a r r R dr
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RESULTS
The most straightforward way of demonstrating the results of the foregoing is by way of a series of examples, which are presented in the following subsections. assumed to be each operating at a the same fixed operating point (C ′ T and C ′ P ) and the wake diffusion factor f i is also constant then the velocity deficits become nearly constant after a number of turbines, and therefore the power coefficient C P for these turbines also becomes constant, or nearly so. This near equilibrium is in itself an intriguing characteristic that is not at all self evident; that the momentum flux transferred to the wakes (as represented by f i < 1) becomes in balance with the power extracted to a quantitatively constant level, for WIND ENGINEERING VOLUME 37, NO. 1, 2013 PP 37-58 43 successive turbines. Fig. 3a) illustrates that in the absence of mixing the deficits of course increase successively, but are diminished by mixing, Fig. 3b) ; the inlet velocity decreases, but so does the power extracted and so does the momentum decrease, such that an equilibrium develops.
Initial examples
To emphasis a point here, these figures show that the marked decrease between the first and second turbine arises when the wakes are regarded as the same in each case; the deficit scale ∆U is in each case proportional to the 'driving deficit' U 0 a 2 . On this basis, the experimentally observed feature is one to be expected, a naturally occurring one for wind turbines in series operating at high thrust coefficient. Fig. 4 illustrates the cumulative power coefficient as well as the separate contributions for each turbine, as functions of the local thrust coefficient, C ′ T , for when f i = 0.5. For a single turbine, the maximum possible C P is 16/27 at C T = 8/9, as can be seen for turbine T1 2 . However, the computations show that for five turbines, for example, the cumulative C P has a maximum when C ′ T 0.626 and a ∑C P of 1.36, giving an array efficiency of 0.443. Thus, if the collective output of the five wind turbines is optimised, such that each is operating at the same C ′ T and therefore the same C ′ p , it turns out that the output of the second and subsequent turbines is substantially less than that of the first.
In practice, as is well known, the wakes will be affected to some degree by the development of the flow above a wind farm and to the sides of a row as well as turbulence from upstream wind turbines. Even if there is no atmospheric turbulence the turbulence in the turbine wake will itself provide diffusion. This is not pursued further here, except to observe the effect of a supposed enhancement of mixing as might arise because of increased turbulence levels later in a row of turbines. 
Optimisation and turbine number
The foregoing has indicated an aspect of optimisation when the operating point of each turbine is the same as all the others (Fig. 4) . However, it is not necessary to require each turbine to have the same operating point; the power can be maximised by allowing the operating points to vary one from another, as shown in Fig. 6 , which also shows the earlier case of constant C ′ T . Notably, the power from the first turbine is nearly the same in both cases but that from the second is lower for variable C ′ T , while for the last turbine it is markedly higher. The last turbine is in fact working at the optimum C ′ T of 8/9, and is so because there are no further turbines downstream. Implicit in the optimisation is that demanding more power from one turbine (except the last) will have an affect on other turbines.
This optimisation procedure corresponds to the maximum power coefficient (for fixed f i ).
If C Pj is the power coefficient for the j th turbine, the following represents the power from all N turbines:
If now C Pj is perturbed (through adjusting C ′ Tj ) only it and the later turbines are affected, so that the overall change is (16)
In the optimisation C Pj is adjusted such that any further change results in the left hand side of equation (16) becoming negative. In this circumstance an increase in C Pj will be more than offset by a decrease in the second term on the right hand side of equation 16. As this is applied to each turbine (iteratively) it follows that ∑C P for all N turbines must be a maximum. It appears there are no other maxima. Any more-uniform distributions of C Pj , for example, always gave lower overall output and array efficiency. The array efficiency for the 'constant' and 'variable' cases of Fig. 6b are, respectively, 0.460 and 0.476. That is, about 3.5% more power in the 'variable' case. This fractionally higher level is smaller for smaller f i . Fig. 7 shows two cases of 6 and 9 turbines, with all other parameters as in Fig. 6b more turbines would result in a similarly nearly constant level with much the same power distributions over the first three and last three turbines. 
Effect of turbine size and separation
Some key points have been demonstrated in the previous subsection. The optimised examples show a substantial decrease in power output at the second turbine compared with the first. Although optimum overall, the first wind turbine in effect starves the second one.
Therefore, two immediate possibilities present themselves. One is to increase the interval between the first and second turbine, though with the expectation that this will result in a more marked drop between the second and third. The other is to make the first turbine smaller than the second. Just changing the operating point of the first so as to reduce its momentum deficit will simply reduce the overall output from that of the optimised output. Fig. 11 shows the case were the first turbine has been put sufficiently far forward to make f 1 = 0.25, while all the other f i remain at 0.5. As before, the optimisation has been done in two ways, with C ′ T the same for each turbine ('constant') and with C ′ T allowed to vary ('variable'). An initially surprising result, perhaps counter intuitive, is a lower array efficiency with a smaller first turbine size, and a higher efficiency with a larger first turbine. This is so for all turbines operating at the same C ′ T or for varying C ′ T through the array, as shown in Fig 13. The opposite might have been expected because of the respectively smaller or larger amount of power extracted from the first turbine, leaving more or less for the later turbines. The efficiency changes in the way observed because the first turbine is dominant. So, increasing its size means it produces relatively more power than is lost by the later turbines.
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Effect of turbine efficiency
In all of the foregoing, each turbine has been regarded as ideal. That is, η Ti = 1 where, η Ti is the actual power produced as a fraction of the ideal power, for the i th turbine. If η Ti for all turbines is reduced to, say 0.8, then all of the foregoing curves of C P are reduced by this factor, but the curve shapes and the optima in terms of C ′ T are not changed. (This reduction is also so for the array efficiency if it is defined with respect to ideal turbines, though it might more usefully be defined with respect to isolated real turbines, but this is not a particular issue here.) If, however, the turbine efficiencies differ from one turbine to the next then a localised effect is in fact seen. In Fig. 14b ) the efficiency of one turbine only differs from the others, 0.8 for turbine 5 compared with 1 for all the others. The upstream effect is very closely the same as that in Fig. 14a ). But, for variable C ′ T , the effect on turbine 5 is large with an output reduction much larger than by a factor equal to the efficiency, and a larger output for the following turbine.
Turbines 7 to 9 are almost as the last three in Fig. 7 . Both these figures show that a significant effect of changing a supposed turbine efficiency is limited in the optimisation for maximum overall output to the turbine itself and the one immediately upstream and the one immediately downstream.
A very similar effect happens (not shown) to the nearest two turbines if an in-between turbine is not operating, represented by a low C ′ T because it will impose some degree of obstruction and by a zero efficiency.
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Horns Rev
The foregoing can be used to make an analysis of measured data such as that of Horns Rev, shown in Fig. 15 , from Barthelmie et al. [3] . These data were for a reference wind speed of 8 m/s and wind direction within a 2° sector. An example of the present analysis is shown in Fig. 16, for the case of spacing = 7D. The data given in this figure has been calculated by means of a double iteration, and three assumptions. Two of these assumptions are about turbines 9 and 10, for which there is no data in Fig. 15 . Firstly, it is supposed that the 10 th turbine is operating optimally (i.e. maximum C ′ T ) and, secondly, that the wake factor for the 10 th turbine is the same as that for the 9 th turbine. As will be appreciated from earlier, conditions imposed at the last turbine have an upstream effect in an optimised system, but that any significant effect appears to be limited to the final and penultimate turbines. In these calculations, both C ′ T and f i are variable. Iteration on C ′ T was made in order to maximise the array output (for this line of turbines). As before, this was an upwind iteration. The other iteration, a downwind one, was to match C P (i)/C P (1) with that measured by adjusting the wake factors f i , where C P (1) denoted the C P of the first turbine.
The third assumption is that the efficiency of each turbine (actual power/ideal power for a given thrust coefficient) is the same for each, allowing C P (i)/C P (1) to be the same for both actual and ideal. The C P shown in Fig. 16 Turbine number Figure 16 : C P , C P (i)/C P (1) and f i for 7D case.
equal but less than ideal efficiency then the profile will be will have the same shape but be smaller in magnitude (by a factor equal to the efficiency).
As can be seen, the wake factor f i is about 0.31 over most of the turbines. It is perhaps noteworthy that f 8 is close to f 9 , though no condition was set as such. Subject to the conditions implied by the assumptions, the data in Fig. 16 for turbines 9 and 10 is in essence predictive for their supposed operating conditions. The near-constancy of f i (and the equal intervals between turbines) implies that there is little net change in the influence of wake interaction with the surrounding atmospheric boundary layer or influence of adjacent wakes 3 .
There is an interesting contrast to be drawn between this figure and Fig. 7 , where f i was the same for each turbine. (The fact that its value was different from the near-constant level of 0.31
does not matter to the point to be made.) In the 'constant' mode of Fig. 7b ) the decrease in C P occurs over turbines 2 and 3 before it reaches an almost constant level at 4 and after. That is, C P does not drop to this constant level at the second turbine. For the 'variable' mode, C P almost drops to this level at the second turbine, quite like the case in Fig. 16 . supposed, with turbines 7 to 10 having identical C P as for the 7D case, and turbine 6 having a C P (i)/C P (1) of 0.58. As is to be expected, the f i for turbines 1 to 4 are lower than in the 7D case.
The more gradual decrease of C P and the associated more gradual increase of f i represents a weaker wake effect on the downwind turbine.
An interesting feature in this figure is the slightly lower level of f i for the later all-be-they assumed turbines. The higher velocity into turbine 6 means that a given power output can be generated with a larger exit velocity, and therefore a larger inlet velocity to turbine 7, with the same consequence applying to the later turbines. The normalised velocity, (1-a 0 ), and local thrust coefficient, C ′ T , are given in Fig. 18 . It is perhaps surprising that C ′ T for the 7D case should be lower than for the 10.5D case, especially at the first turbine. But, if the wake effects for each turbine were negligible, the overall optimum would be when each turbine was at optimum, that is C ′ T would be 0.889. This explains why in Fig. 17 , the profile of C P for the 10.5D case is higher than that for the 7D case.
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Figure 17: C P , C P (i)/C P (1) and f i for 10.5D case. Broken line: 7D case. 3 In this section and discussion there can be an implied influence of the farm on the ABL, reflected in f i .
Allowing for the non-uniformity of the wake profiles, the distributions of upstream velocity (1-a 0 ) will be higher than would arise on the centre-line of the wakes, where the velocity deficit will be largest, of course. If the velocity deficit is supposed to be, say, cosinal in shape then it can be shown that the centre-line deficit is about 1.4a 0 for the same momentum deficit.
Other than to make such a note, this is not pursued further here as it would be beyond the intended purpose of the present paper.
Wake development with x/D
Interestingly, the foregoing of section 4.5 can be used to make some inferences about wake development with distance, using the data for the three separation intervals between, in the first instance, the first and second turbine, T1-T2, as shown in Fig. 19 shows the same procedure applied to successive wakes; the wake of turbine 2 as implied by conditions for turbine 3, T2-T3, and so on. The data for the wake from turbine 2 is comparable to that for the wake from turbine 1. But, further into the array the behaviour changes and, notably, more so for the larger separation distance, the behaviour at the shortest distance, 7D, changing little. This change further into the array may be a result of wakes from laterally analysis would formally require either this turbulence to be negligible in strength or such that its length and velocity scales were proportional to those of the wake; there is no obvious reason to suppose the latter. Nevertheless, the apparent conformity is striking and may be significant.
CONCLUDING POINTS AND COMMENTS
Even though the effect of the wake diffusion has been represented in a simple way, by means of a single parameter, some significant and not immediately obvious results have been obtained. This parameter allows for the reduction of velocity deficit and vertical and lateral diffusion but has no given dependency on streamwise development distance or on the effect of wake or atmospheric boundary layer turbulence, or wake interactions. Indeed, it is in some regards helpful to have these factors removed from consideration, though this is not at all to say they are unimportant, quite the contrary.
The results show that the first turbine in a row is 'naturally dominant', and that there is an intrinsic, consequential marked drop in power output from the second and subsequent turbines.
Adding turbines to a row, while increasing the power output, will result in a reduced array efficiency, because of the dominance of the first turbine.
An equilibrium is developed in the centre of a row when there are more than about 5 turbines (assuming a constant factor f i ). The turbines of a row can be operated in a number of ways, i.e. operated at a number of operating points. They can be each operated at the same operating point in terms of power coefficient (or thrust coefficient) based on the local oncoming wind speed -'constant' along the line. A slightly higher output is achieved if the operating points are allowed to be different -'variable' along the line. Both can be optimised. It appears that, for a given factor f i , the variable mode always gives the highest possible output.
In the constant mode, the last turbine gives the lowest output, while in the variable mode, the lowest output is from turbines in the centre of the row.
More uniform distributions of power output have lower array efficiency because the benefit from the first, dominant turbine is reduced.
While it might appear that a smaller first turbine would be advantageous by leaving more momentum for the second, and so give better performance, it does not. Rather, a larger first turbine gives better overall performance, again because of the dominance of the first turbine.
The analysis assumes in the first instance turbines of ideal performance. The same results
hold if all the turbines have the same efficiency (= actual power/ideal power for a given thrust coefficient), but less than ideal.
Degradation of the performance of a turbine near the middle of a row, represented in terms of a reduction in efficiency, leads to a large reduction on the power from that turbine for optimum overall performance in the variable mode of optimisation, and an increase in the power from both the preceding and following turbines, but little further effect. A similar effect is seen for a non-operating turbine.
The procedure can be used to represent measured outputs from wind farm turbines -an example is given for data from Horns Rev -allowing the wake factors to be calculated. The fact that data is available for three separation intervals has allowed decay rate information to be obtained. Rather curiously, the results imply a higher output from the first turbine for the larger spacing, even though one might initially expect the output to be the same as it has no impinging wake itself. This arises as a consequence of the optimisation on overall power and the implied wake deficits.
The results presented here have implications for the control of wind farms for optimal output, and potentially for wind farm layouts. In that wake development is affected by the ABL, and that the turbines of a wind farm must locally have some affect on the ABL, it is likely that wake effects in a row at the edge of a farm will differ from those in a row nearer the centre.
Appendix: Smaller or larger first turbine
In the foregoing, the wake is represented by an inviscid zone (as represented by actuator disk theory) followed by a diffusion done, represented here by the parameter f 1 . Now as the diameter of the first turbine is decreased its power output for a given C P , namelyC P (1), will decrease. So, if the disk area of turbine T1 is A (1) , and the area of each of the others is A then represents the power from turbine T1 but normalised with respect to area A rather than A (1) , allowing addition to the C P of the other turbines. Two cases arise.
Case 1
In the instance of a smaller first turbine, a test needs to be made in order to check whether the wake radius, R 3 , of turbine T1 is greater or less than the radius R 0 of the inlet streamtube to turbine T2, where R 3 is the radius of the wake at the end of the diffusion zone. In the inviscid zone mass flow is conserved, meaning which can be re-written as where R 1 is that of turbine T1 disk. Similarly, for the inviscid-zone inlet streamtube for turbine T2, where mass flow is also conserved, where here R 1 refers to turbine T2 disk. This may be written as Now, the momentum flux deficit remains constant in the diffusion zone (as in evaluating the thrust from wake measurements, for instance). That is which may be rewritten as
The above is valid where R 3 ≥ R 0 . The deficit a 3 is, here, given by a 3 = f 1 a 2 and a 0 for turbine T2 is given by a 0 = a 3 .
R R a a 
Case 2
An assumption needs to be made when R 3 < R 0 . The assumption here is that the wake diffuses with out loss of momentum deficit, to radius R 0 instead of radius R 3 . That is, giving Therefore, given R 2 , R 0 and a 2 , the influence factor a 3 can be found:
For turbine T2, a 0 = fa 3 . However, it appears this case is unlikely to be of practical significance. 
